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In 1960 Branko Griinbanm suggested the following innocent-looking problem:

The Griinbaum hyperplane mass partition problem. Can any conver body in B? be cut tnto 24
piecez of equal volume by d sutobly-chosen affine hyperplanes§

As Grinbaum noted, this is quite easy to prove for d < 2. In 1966 Hadwiger answered Grilnbaum’s
question (positively] for d = 3, while solving a problem raised by J. W, Jaworowski (Oberwolfach, 1963).
Crilnbaum’s question was independently raised in Computational Gemmnetry, motivated by the constre-
tion of data structures for range queries.
In 1984 Avis answered Grinbaum’s problem negatively for d = 5. Indeed, one cannot expect a positive
answer there, since d hyperplanes in B9 can be described by d? parameters, while the hyperplanes one is
Inoking for need to satisfy 24 — 1 independent conditions, and 2 — 1 = d° for d = 4. The case d = 4 was
and still is an open problem.

In 1996 Ramos formulated the following general version of the hyperplane mass partition problem for
several masses

The Grimbaum-Hadwiger-Ramos problem. For ech 7 > 1 and & = 1, determine the smallest
dimenston d = Al k) such that for every collection M of 7 masses on BY there are k affine hyperplanes
that cut each of the § masses tnto 2F aqual pleces,

The special case A(f, 1) = 7 of the Grinbaum-Hadwiger- Ramos problem, for a single hyperplans
(B = 1), i= settled by the ham-sandwich theorem, which was conjectured by Steinhaws and proved by
Banach in 1938. The following lower bound for the function Aff, &) was derived by Avis (for j = 1) and
Ramaos, while the upper bound was obtained by Mani-Levitska, Vredica & Zivaljevié:

[Z2L5] < Al k) < 7+ (2 — 1)2lemil

Here 2U'=827] is § rounded down to the nearest power of 2, so 3 < 2leil < 4.

In addition to the general lower and upper bounds, a number of papers have treated special cases,
reductions, and relatives of the problem. It was recently documented that, however, quite a number of
published proofs do not hold up upon critieal inspection, and indeed some of the approaches employed
cannot work.

In this talk, using the relative equivariant obstruction theory in combination with the ™ join conflgu-
ration space / test map scheme” and the study of Gray codes we prove that:

Theorem. Fort = 1 the following instances of the Ramoes conjecture hold:
(1) A2 -1,2)=3-2*"" -1,
(2] Af2,2) =321,
(3) A2 +1,2)=3-2""4+2
(4) A(2,3) =5,
(5) Afd,3) =10

Consequently, 4 < A{1,4) < 5 and 8 < A(2,4) < 10.
(This is a joint work with Florian Frick, Albert Haase, and Giinter M. Ziegler)



